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Problem

To draw plane curves with the correct topology, preserving singular
points’ location and distinguishing their different types.

Given curve Topologically-correct
graph
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Example

Robot
@ kq links
@ kp joints
e n=k + ko
@ 2 motors in 2 joints — 2
control variables
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Geometric modeling of the motion: a surface in n-dim space
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Geometric modeling of the motion: a surface in n-dim space

Left: a surface f(x,y,z) = 0. Its (smooth) silhouette curve f = &£ = 0.
Right: the projection of the silhouette is singular with node and cusp singularities.
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Geometric modeling of the motion: surface in n-dim space

.TI'(A)
| =B
Configuration space Control variables

George Krait, Sylvain Lazard, Guillaume Moroz, Marc Pouget Numerical Algorithm for the Topology of Singular Plane Curves



Geometric modeling of the motion: surface in n-dim space

m(A)
| =B
Configuration space Control variables

George Krait, Sylvain Lazard, Guillaume Moroz, Marc Pouget Numerical Algorithm for the Topology of Singular Plane Curves



Geometric modeling of the motion: surface in n-dim space

m(A)
| =B
Configuration space Control variables

George Krait, Sylvain Lazard, Guillaume Moroz, Marc Pouget Numerical Algorithm for the Topology of Singular Plane Curves



Geometric modeling of the motion: surface in n-dim space

George Krait, Sylvain Lazard, Guillaume Moroz, Marc Pouget Numerical Algorithm for the Topology of Singular Plane Curves



Geometric modeling of the motion: surface in n-dim space

m(A)
| =B
Configuration space Control variables

George Krait, Sylvain Lazard, Guillaume Moroz, Marc Pouget Numerical Algorithm for the Topology of Singular Plane Curves



Geometric modeling of the motion: surface in n-dim space

m(A)
| =B
Configuration space Control variables

George Krait, Sylvain Lazard, Guillaume Moroz, Marc Pouget Numerical Algorithm for the Topology of Singular Plane Curves



Geometric modeling of the motion: surface in n-dim space

m(A)
| 7(B)
Configuration space Control variables
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I can move safely now....
Topology saved my life
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Previous work

How to compute the topology of a curve?
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Previous work
How to compute the topology of a curve? \

1. Smooth curve:
global subdivision (Snyder, 1992)
(Plantinga and Vegter, 2004)
(Liang et al., 2008)
)
)

(Lin and Yap, 2011
continuation approaches (Beltran and Leykin, 2013
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How to compute the topology of a curve?

2. Singular curve:
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How to compute the topology of a curve?

2. Singular curve:

2.1. lIsolate singular points, distinguishing their different types.
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How to compute the topology of a curve?

2. Singular curve:

2.2. Compute the topology in neighborhoods of the singular points.

|
# m N
X X
o X |
X X
N OM ¥
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How to compute the topology of a curve?

2. Singular curve:
2.3. Compute the topology in the remaining smooth part.
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Main challenge

It is difficult to isolate singular points.
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Main challenge
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Main challenge

It is difficult to isolate singular points.

Available software to isolate singularities:

@ Symbolic methods: Certified... not efficient

@ Numerical methods: Efficient... not certified

Our main goal is to combine the benefits of both. ‘

How?... Certified numerical methods (Interval Newton Method)
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A Condition| — | certified numerical methods

‘Interval Newton method: square regular system

Square: the number of variables = the number of equations.
Regular: the Jacobian matrix is full rank.
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A Condl.tion — ‘certified numerical methods

‘Interval Newton method: square regular system

For our problem:

We describe the singularities using a square regular system.

Square: the number of variables = the number of equations.
Regular: the Jacobian matrix is full rank.
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The usual system that describes singularities

Given curve f(x,y) =0
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The usual system that describes singularities

Given curve f(x,y) =0 Its singularities:
f(x,y)=0

%(x,y) =0
a3, (x,y) =0
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The usual system that describes singularities

Given curve f(x,y) =0 Its singularities:

g&xvy)ZO
(?)?(Xv.y) :0
W(Xy) =0
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Our approach

We restrict ourselves to the plane projection of smooth curves in higher
dimensions.
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C°°-map: differentiable co times

7N

(polynomial§ ( [analytic maps
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C°°-map: differentiable co times

\p/olyno® C [analytic maps|

implementable ?
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Assumptions

‘Cn C R": zero set of n— 1 C*-maps
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‘Cn CR": zerosetof n— 1 C°°—mapsH(’: the plane projection of &,
such that:

@ ¢, smooth (actually, full-rank Jacobian).
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‘Cn CR": zerosetof n— 1 C°°—mapsH(’: the plane projection of &,
such that:

@ ¢, smooth (actually, full-rank Jacobian).

@ Bad points set is finite.
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‘Cn CR": zerosetof n— 1 C°°—mapsH(’: the plane projection of &,
such that:

@ ¢, smooth (actually, full-rank Jacobian).
@ Bad points set is finite.

@ At most two bad points have the same projection.
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‘Cn CR": zerosetof n— 1 C°°—mapsH(’: the plane projection of &,
such that:

¢, smooth (actually, full-rank Jacobian).
Bad points set is finite.

At most two bad points have the same projection.

Bad points project to nodes or ordinary cusps.
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The previous assumption is generic.
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Under the previous assumption, there exists a square regular system in
R27—1 (%2 #tvar) that characterizes the singularities of the 2D curve.
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Under the previous assumption, there exists a square regular system in
R27—1 (%2 #tvar) that characterizes the singularities of the 2D curve.

For g € ¢,:
7(q) node | <= |7(q) =7(q")

‘ 7(q) cusp ‘ = ‘ tangent of €, at q is orthogonal ‘

1
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Let x, r be two sets of n — 2 real variables and t be a single real variable.
For an analytic map f : U — R, with U C R", we define the maps:,

f(x1, x2, x), fort=0

and

D~f(x1,x2,x,,,f):{ 5ol Fla e, x + rv/D) —-, fort £ 0 }

Vf-(0,0,r), for t = 0.

If g(x) € C>+ even — g(y/x) € C*
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¢p: Py =---= P,_1 = 0 satisfies the assumption.

Theorem 2 in more details

(x1,x2) € R? is a singular point in 7(Cp) if and only if there exists a
solution of the following system of the form (x1, xo, x, r, t) € R?7~1

S Pi(x1,x,x,rt)=--=S5-P,_1(x1,%,x,r,t) =0
D Pi(x1,x0,x,r,t)=---=D-Py_1(x1,x2, %, r, t) =0
PP =1
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Theorem 2 in more details

Moreover, the same system is regular at its solutions.

S Pi(x1,x0,x,r,t) =+ =5+ Pr_1(x1,x,x,r,t) =0
D - Pl(Xl,XQ,X, r, t) =...=D. P,,,l(Xl,XQ,X, r, t) =0
PP =1
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o Efficient certified methods to isolate singularities of plane curves.
@ Not only polynomials but also smooth maps.

@ Assumption+No cusp — stable singularities: approximation of €,
gives the same topology of 2D curve.
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Future work

Checking the assumption efficiently.

o Polynomials: done
o More general maps: 7

Proving that a generic silhouette curve satisfies our assumption

Implementing the algorithms

Computing the topology of generic singular surfaces in R”
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