
The optimality of

Geometric data

structures and

Algorithms

John Iacono

Universite Libre de Bruxelles



Warm up : ID

##

Given N paints P
,

for each

report the point to its

left / right .

AKA sort



OPTIMAL



OPTIMAL
- Try what we did far Ost



OPTIMAL
- Try what we did far OST

- Let Time ( A ,
X ) : Time for A to snot X

, .la . . - xn



OPTIMAL
- Try what we did far Ost

- Let Time ( A ,
X ) : Time for A to snot X

, .la . . - xn

- Define DPT ( x ) = main
Time ( A ,

X )



OPTIMAL
- Try what we did far OST

- Let Time ( A ,
X ) : Time for A to snot 4. ta . . - xn

- Define DPT ( x ) = main
Time ( A ,

X )

- Is there some Aopt ,
c > o s.tn

Tx Timer Among c. spiry
?



OPTIMAL
- Try what we did far OST

- Let Time ( A ,
X ) : Time for A to snot X

, .is . . - xn

- Define DPT ( x ) = main
Time ( A ,

X )

- Is there some Aopt ,
c > o s.tn

Tx Timer Among c. spiry
?

x.mn#X--3 I 4 2

A : it Xzsxy and Xycx ,
and Xist ,

print ( Xz , Xy # I3 )
else run rnergesnrt



OPTIMAL
- Try what we did far Ost

- Let Time ( A ,
X ) : Time for A to snot 4. ta . . - xn

- Define DPT ( x ) = main
Time ( A ,

X )

- Is there some A- opt ,
c > 0 Sat .

x. x. × , × .

V' × Timer Among c. spiry
?

Thus OPT ( x ) - 01N )

¥31427 ou, eve , campaign . - based
A : it Xzsxy and Xycx ,

and Xist ,
print ( Xz , Xy # Is ) Als A needs Ing n ! -

- FINK , N)
else run rnersesnrt time on some inputs of size N
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- Optimal ? What does that mean ?

- D ( nhs n ) it comparisons

- S ( n Ins n ) if polynomial tests

( Ven - or )

- D- ( nEI ) if RAM model with

some assumptions

what does this mean
?
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Canine ?

- If points are given in sorted

order only takes DCN ) time

to
"

verify "

- Actually for any input permutation

we could make an algorithm
that takes OCN ) time on

this input
- No natural way to pick a few

sequences to be fast on



Worst - case Runtime

sorting takes DINH ) in the

comparison model means :

There is a c > O
,
no > 1

For all comparison - based algs A

Far all n 7ns
The - e is a set of points P

The time to sort P with A ifcnhgn
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Can we do better ?

- Possibly ,
if instead of using

"

N
"

only we can express

the runtime as a function

of how easy / hard an instance

is .

- Easy instances should not be

punished by the existence of

hard instances
.
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worst-case runtime .
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What if output has size I ?

isomer

£ Works no matter

what order the
innut is given

if marl REO ) s min IOLVE )

return [ ( mat IREO )
,

min FOLUEH )
else

. . . -

DIN ) if output size I

DI NI N ) in general

what about a general functor
of output size
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"

Let K - # of hops I connected components
- In each color split into Nz groups of K

- sort each group : Nao King K
.

= DIN Ins k )

- For each find next
, binary search in each group
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0=0 -

Tcompute Delaunay of D

Oo lol pivots to see it 0 . is correct

if not we discover some p to add to 0
,

Analysis : Let K - 101

( Delaunay of T points + f. cost of pivot )

{ Ka Klas k t Kok . cost of pivot



Cost of pivot

prepuces ,
Que - y

Orman ) ollas N )

[ Dobkin Kirkpatrick 1983 )

1

.



' cost of pivotpreemies
"

Orman ) ollas N )

[ Dobkin Kirkpatrick 1983 ]

µ
:c :%¥↳o

"



K' lngktk . pivot 1- create pivot stmotycostofp.int
prep - ness

Que - y
'

Orman ) ollas N )

[ Dobkin Kirkpatrick 1983 ]

µ
:c :%¥↳o

"



K' lngktk . pivot 1- create pivot stmotycostofp.int
prep - ness

Que - y
'

Orman ) ollas N )

K' last + K2 . 1yd + N ng j
( Dobkin Kirkpatrick Igg , ]

µ
:c :%¥↳o

"



Hing http . pivot t create pivot stmotfcostofp.int
prep - ness

Que - y
'

Orman ) ollas N )

Khas H t K2 . 1yd + N ng j
( Dobkin Kirkpatrick Igg , ]

" "
Ei :* µ

:c:% :# so

"



Hing htt . pivot t create pivot stmotycostofp.int
prep - ness

Que - y
'

Orman ) ollas N )

thins H t K2 . 1yd + N ng j
( Dobkin Kirkpatrick Igg , ]

" "
Ei :* /

:c ::% :# so

= Of Nhs K )
when IT IS N

( else Ning Ki QIN HN) )



PART II
-

Entropy



Warm up : I - O point location
-

-

t
Binary search : Oflag N )



Warm up : I - O point location
-

-

Xi
binary search : Oflag N )

Out what if quays are drawn independently

from a known distribution ?
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Pick a constant fraction of
the vertices that are

- An independent set

- constant degree

Average degree Sb → 507, ha - e degree ( 12

- Easy to find ind set
' If 424

vertices of degee 512 in Nv)
time
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Better than Ollognl ?
-

what if the queries came

independently from a known

distribution ?

Can we archive Of entropy )
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A simple solution
-

- Independent set

- constant degree
* Incident to triangles

whose probability is

f c. Average probability .

-

Means that a triangle with prob pi

want get deleted until ftp.1-V
and thus depth is ollas pit)
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Result DE 'D

Given a known distribution
,
PPL

on inv queries takes 01141--0 ( Epi Inst)

Out wait , what if I dint know

the distribution ?
-

Is OK ! Just periodically rebuild

with the observed frequencies .

[ I Melzer 12 ) [ I 11 )
SOC G
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- For any set of paints Pip . , Ps . . Pn

there is an algorithm that runs

in time DINI to compute the maxima

- This is useless , as the fast

algorithm in es sense must know

the points and their order in advance

- Instance - based Runtime with respect to P

Worst-case runtime Wrt all permutations
of P .

same Paint set
, but unknown ordering

- Classifies
"

easy
"

us
"

hard
"

instance
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Instance - based Optimality
-

- There is an instance - based

optimal algorism for Dominance

]- Aom;cVp Time ftp.hfcnmainnga.YTimefap
')

f :

A- is the best algorithm

that knows the points of

f but not their order
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Now.tk/owerbound-
For any set P

For any algorithm A

There is an ordering of P
, P

Such that

Running A on P '

takes time

RIHM )
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Advesary Argument : A simple

example
2 Owe balls

1 Red
find the red !
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Moral : I can change the

instance so long as

- It is still valid

- It is consistent with

what the algorithm

knows
.
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Idea : Give one rectangular Partition IT
and show that any algorithm #

must use s ( HITT )) time

* any algorithm that works by comparing
X or y

coordinates of points
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Tree view of K - O tree
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Basic Idea

Affiliated with

⑦
this rectangle
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orange in any order
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-This moves 2 paints dawn 1 in Tree
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200ominanee-summc.ru#
- Simple algorithm

- structural entropy gives

upper and lower bound

- Instance based optimality :

best possible alg on an

instance among all permutations
of the input
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Convert
→ Need bound

- Need algorithm
- Need proof of instance - based

optimality .
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An Instance - based optimal
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Bound-
Cover points with triangles T
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Bound✓ oinks H

cover points with triangles T
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20 Convex hull

- Proving Upper Bound similar to

20 dominance

- K - O tree of lower bound does hat

→ Uses partition than of [ Matousek 923

30 Convex hull

- Median Idea no longer works

- Use partitioning also
, along with LP

P

Red love Reporting in ,

s

- similar a

• i .

P
"

o
e e



Part 4
Optimality through

Intelligence
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But what if you dont know the

probabilitydistributi.ci#
For Triangulations

Remember this

slide ?

Result IE 'D

÷

:÷÷÷i÷÷÷÷÷÷÷÷÷
Is OK ! Just periodically rebuild

with the observed frequencies .

[ I Mulzer 12 ) ( Iso 'd?



But what if you dont know the

probabilitydistributi.am#
For Triangulations Not clear what to

do
.
Observed frequencies

Remember this hot so simple
slide ?

Result E 'D f)Given a known distribution
,
PPL
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Summary
-

Algorithms
Data statures

- Can use measures
- can use statistics

other than N
on the data

- Can give meaningful
- Independent queries

are similar to

tight bounds assuming ←
data comes in arbitrary - Exp } is a big hammer

order
- Have not talked about

other types of strict

Ea era point seem

Igg;)



An open

problem
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