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Local conditions for triangulating 
submanifolds of euclidean space

1) Tangential Delaunay Complex (Boissonnat et al.) 
2) Support of « some » simplicial cycle 

Local conditions on a 
simplicial complex

Global homeomorphism 
(= submanifolds triangulation)

Today ’s presentation

There are several algorithms that, given a  points 
sample, produce a manifold triangulation. 
In particular:



Our simplicial complex zoo

Pure Simplicial complexes 

Quasi-manifolds
Pseudo-manifolds

Manifolds

Pseudo-manifolds 
with boundaries

Quasi-manifold: n ≥ 2
Pseudo-manifold: n = 2
Pseudo-manifold with boundaries: 1 ≤ n ≤ 2

number of full-dimensional cofaces of              -simplices n = (m − 1)



Pseudo-manifolds

Boundary

pseudo-manifolds

manifolds

pseudo-manifolds 
with boundaries



Manifolds



simplex quality

t(σ) =
a(σ)

mL(σ)
a(σ)

L(σ)

Not too large, not too flat:



Main theorem

t(σ) =
a(σ)

mL(σ)

a(σ)

L(σ)



Euclidean version

σm
1 ≠ σm

2 ⇒ π(σm
1 )∘ ∩ π(σm

2 )∘ = ∅

π : Km → ℝm is Piecewise Linear and non degenerate

Km is a m − quasi-manifold (i.e. Each (m-1)-simplex has at least 
two m-cofaces, i.e. « no boundaries »)  

Then π is injective and open and Km is a manifold

The proof of the euclidean case is a crucial step in the proof of the general Theorem: 
it applies to the projection of a local  subset of the simplicial complex  a local tangent plane



Whitney Lemma

Oriented pseudo-manifolds

Simplexwise 
positive map 



Simplexwise 
positive map 

Whitney Lemma

C1+C2 => constant 
number of inverse 
images in R

R



Whitney Lemma proof

Whitney’s proof in 4 steps:

∀i, σm−1
i ∉ ∂K, F|star σm−1

i
is injective and open1

F Simplexwise positive:

⇒ if  σm
1 and σm

2 are the two full dimensional cofaces of σm−1
i

F(σm
1 ) and F(σm

2 ) are on opposite side of the hyper-plane spanned by F(σm−1
i )



Whitney Lemma proof

Whitney’s proof in 4 steps:

x, y ∈ R∖F (Km−1) ⇒ #F−1(x) = #F−1(y)2

R∖F(Km−2) is pathwise connected

γ is a path in R∖F(Km−2) from x to y

consider t0 such that t ↦ #F−1γ(t) changes at t0

Degree argument



Whitney Lemma proof

Whitney’s proof in 4 steps:

x, y ∈ R∖F (Km−1) ⇒ #F−1(x) = #F−1(y)2

R∖F(Km−2) is pathwise connected

γ is a path in R∖F(Km−2) from x to y

consider t0 such that t ↦ #F−1γ(t) changes at t0

C1+C2 => constant number of 
inverse images in RDegree argument



Whitney Lemma proof

Whitney’s proof in 4 steps:

∀k, i, σk
i ∉ ∂K, F(star σk

i ) is open and F|star σk
i
is open 3

Consider p ∈ int(σk
i ) and U a neighborhood of q = F(p)

if U ∩ ∂L = ∅ each point in U∖F(Lm−1)is covered

Defines: L = star σk
i and apply step (2) to L :

C1+C2 => F is open

since U ⊂ U∖F(Lm−1) we have U ⊂ F(L)



Whitney Lemma proof

Whitney’s proof in 4 steps:

∃x ∈ R∖F (Km−1), #F−1(x) = 1 ⇒ F|f−1(R) is injective:4

Consider p1 ≠ p2, F(p1) = F(p2) = q with pi ∈ int(σi), i = 1,2

F is one-to-one on simplices ⇒ star σ1 ∩ star σ2 = ∅

step (3) ⇒ F(star σi) covers some open set Ui ∋ q

U1 ∩ U2 is an open set covered at least twice



Whitney Lemma proof

Consequence of Whitney’s Theorem:

F is injective and open, and is therefore an homeomorphism on it image



An alternative to Whitney Lemma: 
recursion on the dimension 

(after some discussions with David Cohen-Steiner)

Unfortunately it is not simpler (formal proof = 7 pages)



Back to the theorem
t(σ) =

a(σ)
mL(σ)

a(σ)

L(σ)



Invariance of Domain Theorem
(A kind of inverse function theorem for continuous maps)



General condition for 
homeomorphism



Proof outline
First some geometry: 

« Simplices are not too flat (t) and small (L) with respect to reach of M »
Then:



Proof outline

1) Whitney Lemma applies locally to the 
projection on a local tangent plane

p
TpM

M
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Proof outline

1) Whitney Lemma applies locally to the 
projection on a local tangent plane

C1 Condition of 
Whitney’sLemma
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Proof outline

1) Whitney Lemma applies locally to the 
projection on a local tangent plane

C1 Condition of 
Whitney’sLemma



1) Whitney Lemma applies locally to the 
projection on a local tangent plane

Proof outline

=>       is a manifold

C2 Condition of 
Whitney’sLemma



Proof outline
By angles argument the projection on the manifold is 
locally injective.



Proof outline
Since:


           


                 is globally injective




Thank you !


